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SUPPLEMENTAL APPENDIX A

Algorithm for PLS Optimization

The following PLS algorithm can used to obtain the PLS weights and other related quantities
in PLS. We note that PLS is not invariant to scaling of the variables. Wold et al. (1984)
recommend that variables to be standardized in the absence of prior information about the
importance of the variables, similar to principal components analysis. Thus, the input data
sets are standardized to mean 0 and variance 1: xij ← (xij−mx

j )/sxj and yij ← (yij−my
j )/s

y
j .

The test data is standardized using training data: x∗ij ← (x∗ij −mx
j )/sxj . Here, mx

j and sxj
denote the sample mean and standard deviation calculated from the training data.

PLS Algorithm

1. Input training data pair (X,Y) and test data X∗.
2. Input the number of PLS components, KP .
3. Set convergence criterion ε, say ε = 1E-12 and set X1 = X and Y1 = Y.
4. FOR k = 1 to KP DO

Set u to be the first column of Yk and initialize δ.
a. WHILE δ > ε DO

w = X′ku/u
′u and scale w to unit length.

t = Xkw. PLS components.
c = Y′kt/t

′t and scale c to unit length.
u = Ykc.
δ = (w −wprev)′(w −wprev), wprev is the previous value of w.

END
b. Compute and save relevant quantities:

ck = c.
pk = X′t/(t′t) and scale pk to unit length.
tk = tcp, cp = (p′kpk)

0.5.
wk = wcp.
bk = u′t/(t′t).
Residual Matrices: Xk+1 = Xk − tkp

′
k, Yk+1 = Yk − bktkc′k.

END
5. Compute test components based on training information from 5.

Set X∗1 = X∗ and compute t∗1 = X∗1w1. Subsequent test components are computed
as t∗k = X∗kwk where X∗k = X∗k−1 − t∗k−1pk−1, for k = 1, . . . ,KP − 1.

SUPPLEMENTAL APPENDIX B

Proportional Hazard Regression

The proportional hazard (PH) regression model is

h(t; xi;β) = h0(t)exp(x′iβ) (1)
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where h is the hazard function associated with covariate xi and h0 is an unspecified baseline
hazard function. The hazard function h(x) is defined as

h(x) = lim
4x→0

P (x ≤ X < x+4x|X ≥ x)/4x (2)

where X ∼ f(x). For X continuous, we have the relation h(x) = f(x)/S(x), where S(x) =
P (X > x) is the survival function. The survival function under the PH model is

S(t; xi;β) = [S0(t)]exp(x′iβ), (3)

where S0(t) is the baseline survival function.

Maximizing Partial Likelihood and Newton-Raphson

The PH model (1) is h(t; xi;β) = h0(t)exp(x′iβ). The log partial likelihood (Cox, 1972) with
no tied survival times) is

l(β) =
D∑

i=1

x′(i)β −
D∑

i=1

log
[∑

j∈R(t(i))
exp(x′jβ)

]

where t(1) < · · · < t(D) are the ordered survival times with corresponding covariates x(1), . . . ,x(D)

and R(t(i)) is the risk set consisting of all individuals with survival or censored times just
prior to (i.e., ≥) time t(i).

For computational purposes we express the log partial likelihood in terms of all the
observations i = 1, . . . , N . Let DN×N be the risk indicator matrix with ijth element dij =
I(tj ≥ ti) and d′i = (di1, . . . , diN ) be the ith row of D. Let δ′ = (δ1, . . . , δN ) be the vector
of censoring indicators, δi = I(ti = min(yi, zi)). The log partial likelihood given above is

l(β) =
N∑

i=1

δi

[
x′iβ − log

(∑N
j=1 dijexp(x′jβ)

)]
.

Let uN×1 be a vector with element uj = exp(x′jβ) and aN×1 = Du. Also, define wi to be
an N × 1 vector with element wij = (1/ai)ujdij (i.e., wi = (1/ai)u ∗ di where the ∗ denotes
elementwise multiplication) and Wi = diag{wi} be the N×N diagonal matrix with diagonal
elements as elements of wi. With these notations the log partial likelihood l(β), the score
vector S(β) = ∂l(β)/β, and the information matrix I(β) = ∂S(β)/β′ can be expressed,
respectively, as

l(β) = β′X′δ − δ′a,

S(β) =

N∑

i=1

δi(xi −X′wi) and

I(β) =
N∑

i=1

δi[X
′WiX− (X′wi)(w

′
iX)].
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Note that the dependence on β is in a, w, and W through u = exp(x′β). These forms
facilitate computations in the Newton-Raphson algorithm to compute (update) β, given by
β(s+1) = β(s) + I−1(β(s))S(β(s)). If the Newton-Raphson algorithm converges, then the
vector of coefficients is denoted β̂ and it is the maximum partial likelihood estimate (MPLE)
of β.

Estimating the Survival Distribution for the PH Model

The baseline survival distribution estimate for the PH regression model is based on the
product limit estimate (Kalbfleisch and Prentice, 1973). It is based on ML method and
conditional on the MPLE of β from the PH model. The MLE estimate α̂i of αi is obtained
numerically from

∑

k∈Fi

ûk

1− α̂ûki
=

∑

l∈R(t(i))

ûl

where ûk = exp(x′kβ̂), Fi is the set of individuals failing at time t(i), and R(t(i)) is the risk
set at time t(i). In the case where there are no tied survival times, the set Fi contains only
one individual and the solution to the above equation can be solved analytically as

α̂i =
[
1−

(
ûi/
∑

l∈R(t(i))
ûl

)]û−1
i
.

The estimate of the baseline survival function is

Ŝ0(t) =
∏

t(i)≤t
α̂i.
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