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Abstract

An important application of DNA microarray technologies involves monitoring the global state of tran-
scriptional program in tumor cells. One goal in cancer microarray studies is to compare the clinical out-
come, such as relapse-free or overall survival, for subgroups of patients defined by global gene
expression patterns. A method of comparing patient survival, as a function of gene expression, was recently
proposed in [Bioinformatics 18 (2002) 1625] by Nguyen and Rocke. Due to the (a) high-dimensionality of
microarray gene expression data and (b) censored survival times, a two-stage procedure was proposed to
relate survival times to gene expression profiles. The first stage involves dimensionality reduction of the
gene expression data by partial least squares (PLS) and the second stage involves prediction of survival
probability using proportional hazard regression. In this paper, we provide a systematic assessment of
the performance of this two-stage procedure. PLS dimension reduction involves complex non-linear func-
tions of both the predictors and the response data, rendering exact analytical study intractable. Thus, we
assess the methodology under a simulation model for gene expression data with a censored response var-
iable. In particular, we compare the performance of PLS dimension reduction relative to dimension reduc-
tion via principal components analysis (PCA) and to a modified PLS (MPLS) approach. PLS performed
substantially better relative to dimension reduction via PCA when the total predictor variance explained
is low to moderate (e.g. 40%-60%). It performed similar to MPLS and slightly better in some cases.
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Additionally, we examine the effect of censoring on dimension reduction stage. The performance of all
methods deteriorates for a high censoring rate, although PLS-PH performed relatively best overall.
© 2005 Published by Elsevier Inc.
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1. Introduction and motivating applications

DNA microarray technologies have found broad applications, especially in biomedical re-
search. For an overview of the technological and biological aspects of DNA microarrays, includ-
ing applications, see [1] by Nguyen et al. and references therein. The application of DNA
microarray technologies in cancer research is one specific area of interest. In this paper we exam-
ine a method for analyzing censored patient survival times (the censored response variable) with
their corresponding gene expression profiles as covariates (predictors). To be more concrete, con-
sider the following two motivating applications:

1. Example: Diffused large B-Cell lymphoma. In a study of diffused large B-cell lymphoma
(DLBCL), mRNA expression for over 5622 gene probes were measured from microarray
experiments [2]. In addition to the gene expression data collected, patient survival times were
ascertained for N =40 DLBCL patients. However, not all survival times could be observed by
the end of the study. Of the 40 observed survival times, 22 were times of death; thus the per-
centage of censored observations is 55%.

2. Example: Breast carcinomas. Similarly, in a prospective breast carcinomas study, thousands of
mRNA gene expression measurements were obtained simultaneously from microarray exper-
iments [3]. Tissue samples for the microarray experiments were obtained from patients in a
prospective study on locally advanced breast cancer with no distant metastases. Survival data
was available for N = 49 patients with approximately 61% censoring.

Similar cancer microarray studies with survival data can be found in [4] for central nervous sys-
tem embryonal tumors, [5] for DLBCL, [6] and [7] for prostate cancer, and [8] for lung carcinomas
among others.

The data structure in the examples presented above can be more formally described as follows.
Suppose that Y; is the true survival time of the ith patient. The variate of interest at the end of a
study, the survival time, cannot be observed completely. Instead, we are only able to observe
T; =min(Y,, Z;), where Z; is a censored value. Also, recorded for the ith patient are p gene expres-
sion values, denoted by x| = (x;1,...,x;,) (i=1,...,N), obtained from microarray experiments.
This vector of gene expression values is called the (patient-specific) gene expression profile or pat-
tern. We refer to the expression profile generally as covariates or predictors. Thus, the typical data
set, illustrated by the examples above, consists of N samples. In addition, each sample contains
the triple {7} 9;,X;}, where X; is the gene expression pattern, 7; is the survival time if 6,=1,
and it is the right-censored time if 6; = 0. Note that the number of observed survival times that
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are censored is #{i:0;, = 0}. It is assumed that the censoring mechanism or the censoring time dis-
tribution is independent of the survival time distribution.

For microarray data, the sample size is small relative to the number of covariates: N < p. The
problem of small sample size is further compounded in this context. This is because the effective
sample size, the number of uncensored samples, is actually smaller: #{i:6,=1} < N. In contrast
to high-dimensional microarray data, there are many more samples than there are predictors
(N> p) in the traditional data setting. For the traditional setting, the proportional hazard
(PH) regression model, introduced by Cox in [9], is a powerful tool for studying the relationship
between a censored response, such as survival time, and a set of predictors. The PH regression
model is

h(t; x5 B) = ho(t) exp(x;B), (1)

where £ is the hazard function associated with covariate x; and A is an unspecified baseline hazard
function. The hazard function /(¢) measures the instantaneous risk of ‘dying’ at time # (details in
Section 2). The proportional hazard regression model (1) can be expressed in terms of the survival
function, S(1) = Pr(7T > ¢), as

S(t; x5 B) = So(t) PP,

where Sy(7) is the corresponding baseline survival function. (We will elaborate on this in Section 2.)

However, when the number of predictors (p) is greater than the number of available samples
(N), as in microarray data, traditional regression methodologies do not work. This includes the
PH regression model (1), where p > N leads to non-unique estimates of model parameters. To
cope with the high-dimensionality in microarray data, one can employ dimension reduction tech-
niques. Thus, we previously proposed a two-stage procedure to predict survival based on gene
expression data. More precisely, we reduce the dimensionality of gene expression data by partial
least squares (PLS) in the first stage and then predict survival probabilities by applying PH regres-
sion model to the reduced data [11,12]. In stage 1, we used PLS dimension reduction to extract K
dimensions (K < N) with both optimal predictor variance and correlation between predictors and
survival time (details in Section 2). We refer to this two-stage procedure as partial least squares
proportional hazard (PLS-PH) regression.

For example, Fig. 1(a) displays the estimated survival curves (S) via PLS—PH regression for two
DLBCL subgroups (example 1): (1) germinal centre (GC) B-like and activated B-like. The esti-
mated survival curves reveal a strong divergence in clinical behavior of GC B-like and activated
B-like DLBCLs. The clinical outcomes for the two groups, defined molecularly by gene expression
variation, are significantly different. Similarly, Fig. 1(b) gives the PLS-PH regression estimates of
the survival curves for five novel subgroups of breast carcinomas (example 2): basil-like, ERBB2+,
normal breast-like, luminal subtype A, and luminal subtype B + C [3]. In both examples, tumor
subgroups were determined by variation in the global expression patterns obtained from DNA
microarrays. PLS-PH regression is a method to predict the clinical outcomes for these molecularly
distinct subgroups. For details on these applications of PLS-PH regression, see [11,12].

In this paper we provide a systematic assessment of the performance of the PLS-PH regression
method. An analytical study of PLS-PH regression is not tractable because the dimension reduc-
tion method (PLS) involves complex non-linear functions of both the predictors and response var-
iable [13]. Thus, we assess the dimension reduction performance of the methodology based on a
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Fig. 1. (a, top) Given are estimated survival curves (germinal centre B-like—, and activated B-like - - -) from the PLS—
PH regression model fit to the diffuse large B-cell lymphoma microarray data set. (b, bottom) Similarly, given are the
estimated survival curves for five subgroups of breast carcinomas: basil-like —, ERBB2+ —o—o—, normal breast-like - - -,
luminal subtype A —— —, and luminal subtype B+C — *— *— The curves were obtained for the group-average component
profiles. Adopted from [12].

simulation model for gene expression data with a censored response variable. The aim of this
study is two-fold. First, we compare the relative performance of PLS dimension reduction to
dimension reduction via principal components analysis (PCA), a well-known technique widely
used for microarray data. Additionally, we compare PLS to a modified PLS (MPLS) approach,
which attempts to incorporate censoring information into the dimension reduction stage. Second,
we examine the effect of the amount of censoring on the dimension reduction.



D.V. Nguyen | Mathematical Biosciences 193 (2005) 119-137 123

The paper is organized as follows. In Section 2, we describe the PLS—PH regression methodol-
ogy introduced by Nguyen and Rocke [11,12]. This includes a description of PCA, PLS, and
MPLS dimension reduction. The simulation model and procedure are described in Section 3. Re-
sults are summarized in Section 4 and we conclude in Section 5.

2. Dimension reduction and proportional hazard model
2.1. Proportional hazard regression model in high dimension

Let T* be the survival time. The survival function, defined by S(#) = Pr(T* > 1), is the proba-
bility of still surviving at time z. The hazard function /(¢) measures the instantaneous risk in
the next small time interval, given survival to time ¢. The hazard model under consideration is
the proportional hazard (PH) regression model [9], given by

h(t;xi; B) = ho(t) exp(x;B), (2)

where /(¢) is an unspecified baseline hazard function. Alternatively, the proportional hazard
regression model (2) can be expressed in terms of the survival function, S(¢#; x;; ), as

S(t;%:; B) = So(t) ™™, (3)

where So(7) is the corresponding baseline survival function.

An estimate of the model parameters, denoted f, can be obtained by maximizing the partial log-
likelihood [9,10]. To estimate the survival function S(#;x;B), we use the standard product limit
estlmate [22] to obtain the baseline survival function estimate, denoted So(7). Thus, substituting

So(¢) and B into (3) gives S(£;x;; B) = So(£)*PP. )

As mentioned in the Introduction Section, estlmation of the model parameters, B, is not possi-
ble when the dimension p is greater than the number of available samples N. Thus, one approach
to this problem is to, first, reduce the dimensionality from p to K < N. We will describe dimension
reduction strategies, in more details, in the next section. For the moment, suppose that
T=1[t,... . tg], where t, (k=1,...,K) is a N x 1 vector of gene component values obtained after
dimension reduction of gene expression matrix X. After dimension reduction, we approximate X
with T and apply the PH regression model (2) in the reduced subspace. Hence, a simple two-stage
procedure introduced by Nguyen and Rocke [12] consists of dimension reduction via partial least
squares (PLS) in stage one, followed by PH regression in stage two. As we will discuss in the next
section, PLS is a dimension reduction method which uses information from both the predictors
and response variable.

2.2. PLS and related dimension reduction techniques

PLS-PH regression involves dimension reduction via partial least squares. PLS is similar to
principal components analysis (PCA) [14,15], a well-known dimension reduction technique. In
PCA, linear combinations of the predictors are sequentially constructed to maximize a vari-
ance-objective criterion. More precisely, orthogonal linear combinations are constructed to max-
imize the variance of the linear combination of the predictors sequentially,
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w, = argmax var(Xw) = argmax (N — 1)”'w'Sw, 4)
ww=1 ww=1

subject to the orthogonality constraints w,Sw; = 0, for all 1 <j <k. We have denoted S = X'X in
(4), where X is the N X p matrix of predictor (gene expression) values. In practice, PCA is applied
to the sample covariance or correlation matrix through the spectral decomposition. For example,
the spectral decomposition of a correlation matrix, R, is R = VAV’, where {)hk},t:ll are the eigen-
values, A =diag{l, = --- = Ay_1}, and V =(vy,...,vy_;) are the corresponding eigenvectors.
The principal components (PCs) are constructed as linear combinations of the predictors with
weights given by w, = v; hence, the PCs are {t;, = Xvk}ﬁlj. Furthermore, the proportion of var-
iation explained by the kth PC is 4;/p and the cumulative proportion for K PCs is Zf: A /p [16].
Therefore, if there are only d (<N < p) underlying components that explain nearly all of the ob-
served variation, then we expect that S 4, /p =~ 1.

Note that in PCA, the weights are obtained independent of the response variable; thus, the
selection of components with maximal variance may not necessarily be predictive of the response
[15]. Thus, for prediction of survival times using gene expression data, we proposed PLS dimen-
sion reduction, which maximizes a covariance-objective criterion [12]. PLS optimizes the correla-
tion between predictors and the response and the predictor variances simultaneously. More
precisely, PLS components are linear combinations of the predictor variables, constructed to max-
imize an objective criterion based on the sample covariance between y and Xw. The kth PLS com-
ponent is obtained by finding the weight vector, w, satisfying

w, = argmax cov(Xw,y) = argmax (N — 1)”'wXy. (5)
ww=1 ww=1
Unlike PCA, the PLS weights are non-linear functions of both the predictors and response var-
iable [13]. The PLS components are obtained as t, = Xw,, and, as in PCA, are orthogonal:
t.t; = w,;Sw; = 0 for all 1 <j<k. Numerical algorithms to obtain w; can be found in [17,18].
Applications and implementations of PLS for tumor classification based on high-dimensional
microarray gene expression data can be found in [19-21].

The PLS covariance-objective criterion (5) incorporates the response information in the dimen-
sion reduction stage. In addition, the PLS criterion (5) is designed for a continuous response var-
iate. However, response outcomes such as overall survival or relapse-free survival are right-
censored. Thus, it is of interest to also consider dimension reduction strategies which utilize cen-
soring information together with the response information. One approach is based on modifica-
tion of the PLS weights w,, to include censoring information. We consider a modification based on
the following expression for the PLS weights (5),

N
Wi = Z Oixvi, (6>
i=1

where v, is the ith eigenvector of S = X’X [13]. The scalars, 0;, depend on the response values,
{yl.}f/:l, only through the dot product a; = u)y, where u; is the eigenvector of XX’ [13]. This dot
product is also the slope coefficient in the simple linear regression of Y on U;. Because the response
is censored is this case, we replace the dot product by the slope coefficient from the PH regression
of Y on U;. We explore this modification of PLS (MPLS) for dimension reduction. Details of the
computation of MPLS components are given in the Appendix A section.
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Table 1

Three dimension reduction methods

Method Stage 1: dimension reduction Stage 2: PH regression
Incorporates information from: Incorporates information from:
Censoring data Response data Censoring data Response data

PCA-PH o .

PLS-PH o o .

MPLS-PH . . . .

Stage 1 is the dimension reduction step and stage 2 is the PH regression step.

In summary, the three dimension reduction methods, namely PCA, PLS and MPLS, deal with
the response and censoring information in different ways. Dimension reduction via PCA com-
pletely ignores the response data and censoring information. PLS incorporates the response var-
iable in the dimension reduction process, but treats it as uncensored. The modified PLS, namely
MPLS, incorporates the response data and censoring information. However, after the dimension
reduction step one, we note that censoring and response information are actually used in stage
two, through the PH regression model (2) for all three methods. Table 1 summarizes the response
and censoring information used in the two-stage procedures (PCA-PH, PLS-PH, and MPLS-
PH). We examine the performance of these dimension reduction methods using a simulation
model for gene expression data, which will be described in the next section.

3. Simulation experiments

We assess the performance of the dimension reduction methods under a simulation model. The
simulation procedure consists of two main parts:

o Generating gene expression values. the data matrix. We consider a model for the data matrix of
predictor values, X, with d (<N < p) underlying components, perturbed by a noise factor [13].
In addition, to flexibly cover a spectrum of real microarray data sets, the data matrix is gener-
ated such that first K principal components explain a specified proportion of predictor variabil-
ity. This proportion can then be systematically varied.

o Generating observed survival times: the censored response variable. The survival times, which are
functions of X, are generated to satisfy the proportional hazard model (2). We vary the amount
of censoring to assess the impact on the dimension reduction methods.

3.1. Generating gene expression values. the data matrix

The N x p data matrix is generated from a basic model with ¢ underlying components and an
error component [13]. The ith sample is obtained from

X, =riti+- - +ratate i=1,...,N. @
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Table 2

Summary of simulation experiments: generating (A) the gene expression values and (B) the survival times
Model Parameters

(A) Expression values

Components: {z}_, N(t,, ) 2

Error: {el’}gvzl N(ﬂmo_z) Hmaz

Data matrix: {x;,‘}?"j‘il LN(a;, b?) a; = uTijzlrk,-,

bl =2y i+ 0
(B) Survival times
Survival times: {Y, ,}fvz Y; = Yoiexp(—x}p) Yy; ~ Exp(4,) and Weib(a,,4,)
Censored times: {Z;};_, Z; = Zy; exp(—x.p) Zo: ~ Exp(Z.) and Weib(a.,/.)
Observed survival: 7; = min(Y};, Z))
Censoring indicator: 6; = I(Y; < Z,)

More specifically, xj, = S ruty + €5, where {1 = (tq1,...,1,) }_, are the components,
{e, = (€n,..., eip)’}fy:l are i.i.d. vectors of noise, and {ry;,...,rs} is a set of fixed constants. We take
the component values as t;; ~ N(u,,6%) and the noise values as €; ~ N(p,,6?). (We denote the
normal distribution with mean p and variance 6> by N(u, ¢°).) The matrix of predictor values
are obtained as x;; = exp(x};). Note that xj, ~ NS4 14, 2300 72 4 62) = N(a;, b7). Thus, x;
is distributed as log-normal with parameters ¢; and bf, denoted as x;; ~ LN(a;, blz) A log-normal
model has been used for microarray gene expression data [13]. Table 2A summarizes the simula-
tion for the matrix of predictor values.

The expression matrix is generated with a mean noise of zero, u. = 0, and with a component
mean of p, = 5/d. In order to make comparisons between dimension reduction methods that
are not confounded by different model dimensions, we fix the number of components d. For
the simulation we generated data from a model with d = 6 components.

In addition, the relative variance of the noise and component factors is controlled by the ratio of
variance parameter é = ¢./o,. As mentioned earlier, a predictor data matrix is generated so that the
first K PCs explain a specified proportion of predictor variability. This is controlled by the simu-
lation parameter 0. Data sets are generated so that the proportion of total predictor variability ex-
plained by the first K PCs, namely ave(4,K) = 31, 4/p, is between 0.40 and 0.70. For each
percentage of variability explained, 100 x ave(/, K) € {40%,50%,60%,70%}, and for each
p =100, 300, 500, 800, 1000, 1200, 1400, and 1600, one hundred data sets were generated. (Details
of simulation parameter settings, were previously given. See Table 3 in [13].) Furthermore, note
that the data matrix is of size N X p, where p > N. Since this is the case of interest in practice,
we consider the number of predictors in the range of 100 to 1600, with the sample size, N, fixed
at a small value of 50.

3.2. Generating observed survival times: the censored response

After generation of the expression matrix, X = (x/,...,X},), we generated survival times satis-
fying the PH model (2). More precisely, we obtained survival times, Y;, independent of censoring
times, Z; (i=1,...,N), from the model

Y, =Yoexp(—X,B), Z; = Zyexp(—xp), (8)
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where f is a fixed coefficient vector. The observed, censored, response for individual 7 is obtained
as T; =min( Y, Z,). The corresponding censoring indicator is ¢, = I( Y; < Z)).

We consider survival times with constant and increasing baseline hazard functions. For expo-
nential (Exp) distributed survival times with density f{z, A) = (1/4)exp(—t//), the baseline hazard is
constant: /i(¢) = 1//. For example, taking Y; ~ Exp(/,) and Z; ~ Exp(.) for (8), we obtain sur-
vival data satisfying the PH model (2), since 4(#;x;; ) = 1/{1, exp(—X,B)} = ho(¢) exp(x;B). Also,
the rate of censoring can be controlled by varying the parameters 4. and A, since Pr(Y > Z) = 1,/
(Z- + 4,). For instance, taking 4, = 0.5 and 1. =1 gives a censoring rate of Pr(Y > Z) =1/3.

Alternatively, for weibull (Weib) distributed survival times with density f{7,o, 1) = aAr* ! ex-
p(—/ %), the baseline hazard function is increasing: /o(f) = aAt*'. To obtain survival data satis-
fying the PH model (2) with increasing baseline hazard, we can similarly take Yo, ~ Weib(a,, 1))
and Z,; ~ Weib(o,4.) for (8). The PH model (2) holds since h(#;x;;0) = ol '{1/exp
(—xB)"} = ho(t) exp(x]0), where 0 = o, p.

The simulation procedure and model for survival times are summarized in Table 2B.

3.3. Examples

To illustrate the methods, namely PCA-PH, PLS-PH, and MPLS-PH, and the simulation
experiments, we generated samples from a d = 6 components model (7) with p = 100 dimensions.
Next, observed survival times were generated using (8) with exponential distributions and a cen-
soring rate of 1/3: Yy, ~ Exp(1/2) and Zy; ~ Exp(3/2). For example, Fig. 2 displays three esti-
mated survival curves S(z) evaluated at the average covariate vector X. These curves were
obtained using the PH regression model (2) after dimension reduction from p =100 to K= 3
dimensions using (a) PCA, (b) PLS, and (c) MPLS. The true survival distribution, S(¢), is also dis-
played in Fig. 2. Note that the estimated curve using PCA—PH is far above the true survival curve.
However, the data was generated so that the first K = 3 PCs explained only 40% of the total pre-
dictor variability. To summarize the estimates from the various methods, relative to the true sur-
vival, let s;=S(7;) denote the (true) probability of still surviving at time f#. Denote its
corresponding estimate by S(¢;), from PCA-PH, PLS-PH, or MLS-PH by ;. Using these nota-
tions, the (squared) Euclidean distance between the estimated and true vector of survival proba-
bility is

D
(s,8) = [ls =817 = D (s = 5:)%, )
i1
where D is the number of observed survival time points. For example, the distances between the
true and estimated survival curves, via PCA-PH, PLS-PH, and MPLS-PH in Fig. 2, are 0.3541,
0.0281, and 0.0467 respectively.

Other interesting comparisons, involving the quantiles of the survival distribution, can be made
between two or more patient groups. The gth quantile, 7, (0 < g < 1), can be obtained by inverting
S(t,) = q. For instance, it is of interest to examine the estimated median survival times (¢ = 0.50)
for patients in the GC-B like group relative to those in the activated B-like group for the diffuse
large B-cell lymphoma study (see Fig. 1). Since the survival distribution in the simulated data
example is Exp(A*), the gth quantile can be explicitly obtained as 7, = A"log(g), where
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Fig. 2. Three estimated survival curves, §(t) (—), based on dimensionality reduction of K=3 from an original
dimension of p = 100. The dimension reduction methods are (a, top) PCA, (b, middle) PLS, and (c, bottom) MPLS.
The the true survival curve, S(¢) (**%*) is also given in each plot.
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Table 3
Estimated and true quantile, ¢, for ¢ =0.25, 0.50, and 0.75

Estimated gth quantile, ¢,

25%* 50%* 75%*
PCA-PH 1.3794 0.4759 0.1134
PLS-PH 0.7952 0.3815 0.1467
MPLS-PH 0.6360 0.3116 0.1467
True quantile 0.6931 0.3466 0.1438

4 Dimension reduction.

2% = Jexp(x'p). In practice, an estimate of 7, can be based on the estimated survival curve, S, and
is given by

7, = min{z|S(r) < q}. (10)

For example, Table 3 gives the gth quantile, for ¢ = 0.25,0.50 and 0.75, and their corresponding
estimates from PCA-PH, PLS-PH, and MPLS-PH. From this one particular example (one sim-
ulation run), it appears that the PLS and modified PLS (MPLS) dimension reduction perform bet-
ter than PCA. However, the general experimental results, which we will describe in the next
section, indicate that this particular result does not hold unconditionally.

4. Experimental results

The first few principal components of real microarray data can explain a wide range of variabil-
ity in the data. Thus, to flexibly cover a spectrum of real microarray data sets, the gene expression
data matrix is generated such that first K principal components explain a specified proportion of
predictor variability. We systematically varied this proportion to encompass a wide range of po-
tential situations encountered in practice. In addition, we set the simulation size to reflect real
microarray data, where p>>N. More specifically, we simulated data with a relatively small sample
size of N =50 and increased the dimension from p = 100 to 1600. For a specified percentage of
predictor variability explained (40%, 50%, 60%, and 70%) and dimension p = 100, 300, 500,
800, 1000, 1200, 1400, and 1600, one hundred data sets were generated. Thus, a total of 3,200 data
sets were simulated. For each data set, we applied dimensionality reduction (in stage one) using
PCA, PLS, and PLSM to extract K = 3 components. We obtained the estimated survival curve
using the PH regression model (stage two) in the reduced subspace, as described in Section 2.1
and illustrated in Section 3.3.

We will describe the results in more detail for data sets where the percentage of total predictor
variability accounted by a fixed number (K) of PCs is in the range (40%-70%). Table 4 gives the
average observed proportion of total predictor variability explained by the first K = 3 PCs. Each
value was obtained by averaging over the 100 simulated data sets (for each p and each targeted
proportion of variation explained). The observed values are similar to the targeted percentage
of total predictor variance explained (40%, 50%, 60%, and 70%) for each dimension p (see Table
4).
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Table 4

Proportion of predictor variance explained by K = 3 principal components

p Observed proportion

100 0.43 0.53 0.60 0.73
300 0.41 0.51 0.58 0.72
500 0.43 0.51 0.58 0.73
800 0.40 0.50 0.59 0.70
1000 0.38 0.50 0.57 0.70
1200 0.42 0.48 0.58 0.78
1400 0.41 0.51 0.54 0.70
1600 0.40 0.48 0.58 0.73

Target proportion
0.40 0.50 0.60 0.70

One hundred data sets were generated with N = 50 and p varying from 100 to 1,600. Each number given is the average
(over 100 data sets) of the proportion of predictor variation accounted for by three PCs. The target total predictor
variances explained by the K PCs are 40%, 50%, 60%, and 70%.

First, we examine the estimated survival curves based on (1) PCA, (2) PLS, and (3) MPLS
dimension reduction. As illustrated in the example of Section 3.3, we compare each estimated sur-
vival curve to the true survival curve using the Euclidean distance measure (9). Since there are 100
generated data sets for each simulation configuration (i.e. for each p and targeted proportion of
total predictor variance explained), we calculated the average distance between the estimated and
true survival probabilities,

100 100
ave(d’) = 1007 " d*(s,8,) = 1007 " ls, — &1°. (11)
b=1 b=1

For example, Fig. 3 compares ave(d®) for PCA, PLS, and MPLS dimension reduction. As ex-
pected, Fig. 3(a)—(d) shows that PCA improves (ave(d”) decreases) as the percentage of total pre-
dictor variance explained by K PCs increases. In addition, dimension reduction via PLS and
MPLS performed substantially better than PCA when the total predictor variance explained is
40%—-60%. However, when the total predictor variance is high (70%), all three methods performed
similarly (see Fig. 3(d)). We also note that the ordinary PLS method, which treats the response
variable as uncensored at the dimension reduction stage 1, performed slightly better than the
modified PLS (MPLS) method when the predictor variance explained is 40%—50%.

Next, we compared the estimated quantile, 7,, to the true quantile, 7, (¢ = 0.3, 0.4, 0.5, 0.6, 0.7,
0.8, and 0.9.). Similar to ave(d?), we computed the average estimated quantiles for each dimension
reduction method. Fig. 4 compares these estimates with the corresponding true quantiles. For
data sets where the percentage of total predictor variance accounted for is lower (40% and
50%), the estimated quantiles from PCA-PH is poor for smaller ¢ (¢ <0.5). However, as antici-
pated, PCA-PH improves as the total predictor variance explained increases to 60%. Further-
more, at 70%, PCA-PH estimates track the true quantiles well. This is true for PLS-PH as
well. However, note that the performance of PLS-PH is good for all 7, (¢ =0.3, 0.4, 0.5, 0.6,
0.7, 0.8, and 0.9.), even when the total predictor variance explained is lower. The performance
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Fig. 3. 1/3 Censored. Averaged squared distance between the estimated and true survival probabilities, ave(d?), for data
sets with approximately (a) 40%, (b) 50%, (c) 60%, and (d) 70% of total predictor variance accounted for by three PCs
(PCA ———, PLS ---, and MPLS —).

of MPLS-PH is similar to PLS-PH, although it slightly over estimated the true quantiles when
the total predictor variability accounted for is high (70%).

The relatively poor performance of PCA-PH, when the total predictor variance explained is
lower, is not surprising. This is because the variance-objective criterion in PCA ignores response
information completely. In addition, we did not select certain dimensions to be more predictive of
survival time a priori. Thus, by design, the performance of PCA naturally improves as the total
predictor variance explained increases. However, in practice, there is no guarantee that dimen-
sions that explain a high percentage of predictor variance will be good predictors of a response
[20,15]. Alternatively, the covariance-objective criterion in PLS aims to optimize both the predic-
tor variance and the correlation between predictors and response. Thus, the performance does not
solely depend on the amount of predictor variance explained. This is confirmed by the empirical
performance of PLS, which remains similar as the predictor variance explained changes (e.g., see
Fig. 4).

The results described thus far is based on exponential survival time and designed with a censor-
ing rate of about 1/3. As stated in the Introduction Section, another aim of this study is to exam-
ine the affect of the amount of censoring on dimension reduction. Thus, we increased the
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Fig. 4. 1/3 censored. Given are the estimated quantiles, 7, (y-axis), versus ¢ (x-axis), based on PCA-PH (- — -), PLS-
PH (- --), and MPLS-PH (—). The true quantiles, #, (***), are also given in each plot. The results are given for data sets
with approximately (a) 40%, (b) 50%, (c) 60%, and (d) 70% of total predictor variability accounted for by three PCs.
Each row of plots is for data sets with dimension p = 100, 300, 500, 800, 1000, 1200, 1400, and 1600.

censoring rate to 1/2; therefore, for a fixed sample size of N = 50, the effective sample size is now
only 25 on average. This increase in censoring reflects the limited availability of samples in prac-
tice. The results for data with 50% censoring are given in Figs. 5 and 6. Generally, the pattern of
the results is similar to the 1/3 censoring case. However, due to the smaller effective sample size,
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the performance (magnitude) deteriorates across all methods. Since PCA does not involve the cen-
sored response variable, censoring does not play a role in the dimension reduction step. Thus,
although the overall magnitudes changed, the relative pattern of results did not. As before,
PCA-PH improves as the total predictor variance increases. PLS—PH regression performs rela-
tively better than PCA-PH and MPLS-PH. Also, estimates from PLS—-PH track the true quantiles
well (see Fig. 6). MPLS-PH appears to be most affected by the increased censoring. This is nota-
ble for the case where the total predictor variance explained is high (70%; Fig. 6(d)). In this case,
MPLS-PH over estimates the true quantiles, while estimates from PCA-PH and PLS-PH are rel-
atively closer to the true quantiles.

As mentioned earlier, the effective sample size is only 25 on average for a censoring rate of 1/2
and N = 50. Thus, estimating #, for small values of ¢ (less than 0.4 or 0.5) is not possible in some
cases, since there may not be any long survival times observed in the data. For this reason only
estimates of 7, for ¢ € {0.4,0.5,0.6,0.7,0.8,0.9} are given in Fig. 6, omitting ¢ = 0.3 and ¢ = 0.41in
two cases. Furthermore, we reported results based only on exponential survival times, which im-
plies a constant baseline hazard. Results for increasing baseline hazard (weibull survival times)

100 300 500 800 1000 1200 1400 1600

0
100 300 500 800 1000 1200 1400 1600

1\/\_/

0
100 300 500 800 1000 1200 1400 1600

Fig. 5. 1/2 censored. Averaged squared distance between the estimated and true survival probabilities, ave(d?), for data
sets with approximately (a) 40%, (b) 50%, (c) 60%, and (d) 70% of total predictor variance accounted for by three PCs
(PCA — - —, PLS -+, and MPLS —).



134 D.V. Nguyen | Mathematical Biosciences 193 (2005) 119-137

(a) (b) (c) (d)
1.5
82 2P 2|~ 1R
= N N \ N3
Rl N 1 ~ 1 N NS
* ~ * > T * > 05 *
N * TS - * = *Ows ~ ey

0
4 05 06 0.7 08 0.9

o
o
o
o
o
3
IS¢
©
o
©
o
(4]
o
(]
°
3
o
®
o
©
o
i
o
(4]
o
=Y
o
N
o
Y
o
©
o

15
Saoft 2 2 1
> N ~ o
Ii ~ > N S
Q9 N 1 N Ty S 0.5 g
* ¥ 5= * P * PN S |
0 = == X
05 06 07 08 09 05 06 07 08 09 04 05 06 07 08 09 04 05 06 0.7 0.8 09
1.5
S2 2 2 15
[Te) N N <
Ii N > N <
C>-1,E ~ 1* AN 14 *\ 0.5 \*\\*
* P * = * TR \*-\n
A i 3 5 0
05 06 07 08 09 05 06 07 08 09 04 05 06 07 08 09 04 05 06 0.7 0.8 09
1.5
AN
Sal '\ 2 2p 10
@ N <
i N N N S
a1 > T "o B 05 \*\'**
* S * e * P S e ~{
A e F o
05 06 07 08 09 05 06 07 08 09 04 05 06 0.7 0.8 0.9 04 05 06 0.7 0.8 0.9
15
8
S2 R 2 2 R 14 R
i ; N ) ~ N ] - *D
~ Z
o " ~ L ~ * " - 0.5 * =
* * — | * = = * ¥ - o
) = )
05 06 07 08 09 05 06 07 08 0.9 04 05 0.6 0.7 0.8 0.9 04 05 0.6 0.7 0.8 0.9
15
8 2 2 21N
820, . . 1%
Ll >~ 1= 1 s 05 w2
Q + ~ * s T * . * o
* * * >N *w s =y
== e S
05 06 07 08 09 05 06 07 08 09 04 05 0.6 0.7 0.8 0.9 04 05 0.6 0.7 0.8 0.9
15
8
S 2 N 21 N 2 10 )
- N N < -
1y ~ 1 S 14 > 05 Ty
* + -~ * ~ * =
* * S * * = * =T * =
0 = = =
05 06 07 08 09 05 06 07 08 09 04 05 06 0.7 0.8 0.9 04 05 06 0.7 0.8 0.9
< 1.5
o \
g2 '\ 2 2 15
— ~ ~ N S
41} > T2 14 % 05 R
* X 3= * T~ * TN _ T 3

0 0 0 " 0
05 06 07 08 09 05 06 07 08 09 04 05 06 0.7 08 09 04 05 06 0.7 08 09

Fig. 6. 1/2 censored. Given are the estimated quantiles, 7, (y-axis), versus g (x-axis), based on PCA-PH (- - -), PLS-
PH (- --), and MPLS-PH (—). The true quantiles, 7, (***), are also given in each plot. The results are given for data sets
with approximately (a) 40%, (b) 50%, (c) 60%, and (d) 70% of total predictor variability accounted for by three PCs.
Each row of plots is for data sets with dimension p = 100, 300, 500, 800, 1000, 1200, 1400, and 1600.

are similar and were omitted. However, this is expected since estimates from the PH regression
model do not depend on the specific baseline hazard. It only requires that the data,
{(T}, 9, x,»)}fil, satisfies the PH model (2) and the simulation was designed to meet the PH model

assumption.
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5. Conclusion

In this paper we have provided a study of the performance of the PLS-PH regression method,
previously proposed by Nguyen and Rocke [11,12]. More specifically, we have extended a simu-
lation model for gene expression data with a censored response variable and examined the perfor-
mance of the PH regression model under three dimension reduction techniques: PLS, PCA, and a
modified PLS (MPLS) technique. Our conclusions, based on the simulation study, are as follow.

e PLS-PH and MPLS-PH outperform PCA-PH overall and perform substantially better when
the total predictor variance explained (TPVE) is in the range 40%—60%.

e PLS-PH performs slightly better than MPLS—PH and is best overall.

e As the TPVE increases PCA-PH improves, as expected, and all methods perform similarly
when the TPVE is high (e.g. at 70%).

e When the censoring rate is high (e.g. at 50%) the performance of the dimension reduction meth-
ods deteriorates, although the relative patterns of performance among the methods are similar.

o MPLS-PH appears to be most affected by the high censoring, overestimating survival time at
high TPVE (70%).

The results suggests that the PLS—-PH method works well, despite ignoring information on cen-
soring at the dimension reduction stage 1.
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Appendix A. MPLS Calculation

The kth MPLS component is computed directly as a linear combination of the expression ma-
trix X. That is, t; = Xw,. The weight vector can be computed as w, = > 04v;, where vy is the ith
eigenvector of X'X. Thus, to compute the MPLS components, it remains to compute the constants
{0}. Close form expressions for these constants were previously published (Theorem 3.2 in Ngu-
yen and Rocke [13]). We refer the reader there for the exact expression for {0;}. However, as
mentioned earlier, the key is that these constants only involve the censored response values
{y:} through the dot product a; = u)y (where w; is the ith eigenvector of XX'). Furthermore, a sim-
ple linear regression of the response Y on U; will have estimated slope coefficient y'u;/(u/u;). When
the gene expression matrix is centered, wu; = 1. Hence, the dot product «; is precisely the slope of
the simple linear regression of Y on U,. However, for a censored response variable, the use of «;
from simple linear regression has some drawbacks. For instance, it ignores the fact that a propor-
tion of the response values are censored. Thus, we can incorporate information on censoring at
the dimension reduction stage by taking a; to be the estimated coefficient from the PH regression
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model of survival time Y on U,, instead of the simple linear regression slope coefficient. Additional
details can also be found in [13].
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