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Abstract

In covariate-adjusted regression (CAR), the response (Y) and predictors (X,,r =
1,...,p) are not observed directly. Estimation is based on n independent observations
{}NQ», X, U;}t, where Y, = v(U,)Y;, X, = &r(U;) X, and ¥(+) and {¢,.(-) })_; are unknown
functions. In this paper, we discuss the asymptotic properties of this method when the

observations are correlated, as in regression models for repeated measurements.
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1 Introduction

Sentiirk and Miiller (2005) proposed the covariate-adjusted regression (CAR) method for
the latent multiple linear regression model (M1) Y; = vo+>_F_, 7 X,;+e; for n independent
observations {X,;, Y;},, r = 1,...,p, where ~, is the slope parameter of the predictor
X,, Y; is the response and ¢; is the error for subject 7. Both the response and predictors
of interest in (M) are not observed directly but rather they are observed only after
multiplicative distortions by an observable covariate U;: (M2) Y, = Y(U;)Y; and X, =
&r(U;) X i, where the distorting functions ¢(-) and ¢,(-) are unknown/unspecified. The
CAR model (M1)-(M2) was motivated by the interest to examine the relationship between
the response fibrinogen level (Y;), a protein found in blood plasma, and the predictor serum
transferrin level (X;) in haemodialysis patients (Kaysen et al., 2003, Sentiirk and Miiller,
2005). However, the corresponding observed protein measurements (Y;, X;) are thought
to be multiplicatively distorted by body mass index (= U;), as described by (M2). In
other words, the objective is estimation of ~, in the regression relation between Y; and
X; given in model (M1), but the estimation must be based on the available (distorted)
data {X,;,Y;, U;}",. Because the precise effects of U; are unknown (i.e. the functions
() and ¢,(-) are unknown), investigators typically make the simplifying assumption that
Y(U;) = é.(U;) = U;, leading to a common normalization via division (Y; = Y;/U; and
X,; = X,5/U;) in order to estimate .. The CAR model (MI1)-(M2) accounts for the
general unknown effects of U in the estimation of ~, by allowing () and ¢,(-) to be
general (unspecified) smooth functions. Detailed analysis of this data and asymptotic
normality of the CAR estimators of +, were provided by Sentiirk and Miiller (2005, 2006).
Uncorrelated errors in (M) is a common assumption in cross-sectional data where
observations are taken on different individuals. The covariate-adjusted model (M1)-(M2)
extended to the case of repeated measurements is the general linear model (GLM) with

correlated errors within the ith unit of observation (Nguyen and Sentiirk, 2008),

p
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where the additional subscript ¢ refers to tth repetition on the ith unit/cluster, E(e;) =0

and oy = cov(ey, eyr). The observable variables available for the estimation of ~, are
Yie = ¢(Ui)}/it7 and Xrit = ¢r(Ui)sz‘t, r=1,...,p. (2)

Without loss of generality, consider (1) in the context of repeated measurements col-
lected at the same time points for all subjects with possibly missing values at some
time points. Let {s;}.; be the distinct measurement occasions among all measurement
times sy, ¢ = 1,...,n, t = 1,...,T;. Model (1)-(2) is the (extended) covariate-adjusted
GLM. The identifiability condition of vanishing mean distorting effects, E{¢(U;)} = 1 and
E{¢.(U;)} =1, as in ordinary CAR (Sentiirk and Miiller, 2005), is needed for estimation.

In this paper we consider the asymptotic properties for the covariate-adjusted GLM
with correlated errors model (1)-(2). The paper is organized as follows. The covariate-
adjusted estimators are given in Section 2. The asymptotic normality and consistent
estimators of the asymptotic variance follow in Section 3 and the main proofs are given

in Section 4. Technical conditions and auxiliary lemmas are deferred to an appendix.
2 Covariate-adjusted estimators

We introduce the needed notations and briefly outline the covariate-adjusted GLM esti-

mators of 7,. For the estimation, a regression of the observed response on the observed

predictors, Xit = ()~( Lty + - ,X'm-t)T, leads to the observable varying coefficient model,
~ ~ p ~
E(Yi[ X, Us) = Bo(Us) + > Be(U) Xy (3)
r=1

(Hastie and Tibshirani, 1993), under mutual independence of (e;, U;, X,u), for i =
1,...,n, t = 1,...,7; and r = 1,...,p. The varying coefficient functions in (3) are
Bo(u) = Y(u)vyo and B.(u) = ¥ (u)/¢d,(u) and estimation of -, is achieved through esti-
mation of the varying coefficient function ,.(-) and utilizing these relationships between
Br(+) and 7, (Sentiirk and Miiller, 2005; Nguyen and Sentiirk, 2008). To obtain the raw

estimators of 3.(-) in (3), a simple binning approach was proposed where the support
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of U was partitioned into intervals/bins (Nguyen and Sentiirk, 2008). Data within each
bin is used to fit regressions to obtain raw estimators of 3,(-) and the covariate-adjusted
estimator of ~, is based on averaging these raw estimators of (3,.(-). We now describe in
more details this two-step estimation procedure. For convenience of notation the results
are presented for the case of complete data (n, =n forallt =1,...,7).

Step 1: Data binning and raw estimators of (3.(-). Let a < U < b, for real
numbers a < b. The interval [a, b] is divided into m equidistant intervals/bins denoted by
By, ..., By,. The number of subjects in bin B; is denoted L;. Data elements in any given
bin are marked by a prime. For example, the data from the kth subject in B; observed

: : : A Y4 / / / _
at time point s; is (Ujy, X ne Yiker Xpjner Yiges €jre) for k= 1,... L

f r=1,...,p and

79
t=1,...,T. Let 5(; and 1?; be the predictor matrix and response vector for data in
bin j, of dimensions T'L; x (p + 1) and T'L; x 1, respectively. After binning the data, a

regression of \73 on 5(; is fitted using data in bin j to obtain the estimators
,Bj = (50]‘, Ce ,ﬁpj)T = (X;TX;)_IX;TY;, ] = ]_, e, (4)

Step 2: Weighted averaging of the raw estimators of (.(-). The covariate-

adjusted estimators of v, are then obtained as weighted averages of the Bj’s,
m Lj 4 = Al L~ =
Y= - j ATIXT —L T'X/'v :17"'7 ’ 5
v_jzlnﬁog, A jzlnﬂj LT p (5)

where X, = (Tn)~! S S Xy and ):(7{] — (TL;) 'S0, SoF X/, are the overall
average and the average based on data in bin j for the rth predictor.

Remark: We remark on the estimators for the case of data missing at random in the
Appendix section. We note here that the asymptotic results of the next section also hold

for a finite amount of data missing completely at random.
3 Asymptotic properties

We state the asymptotic distribution of the covariate-adjusted estimators, 4,, for a fixed
number of time points 1. The asymptotic normal distribution of 4, and consistent esti-

mators for the asymptotic variance of 4, are given in Theorems 1 and 2, respectively.
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As is typical in smoothing applications, the number of bins m = m(n) satisfies m — oo,

n/(mlogn) — oo and m/\/n — 0o as n — oo. Further let 4; denote the vector of least

squares estimators of v; = (o5, - - - ,Vpj) " based on the unobservable data in bin j,
AT = Gogs -+ 3a) T = OXTX) XY (6)

where X’ and Y, are defined the same way as X; and Y; given in the previous section.
(See step 1 of estimation procedure.) For 4, and 7,; to be well defined, we assume
that inf; |det{P;}| > ¢ and inf; |det{P;}| > & where P; = (TL;)"' XX} and P; =
(TL;) ' XX, € = min{p/2, [inf;(¢3(U}), ..., o2(US))]P p/2} with p defined in condition
5 (of the Appendix section) and U/ = L} 2?:1 Uj), is the average of the U’s in B;.

For the following theorems, we define the following additional notations:

—_

A = BAU)}, Ao, = B{SA(U)}, Ay, = E{(U)6,(U)}, and o3 = var{s:(U)}.
2. G =T Yoy E(XXw).

3. Xis a p+ 1 x p+ 1 matrix where the (r 4+ 1,¢ + 1) entry is >, E(X,,Xy), for
r,qg=20,...,p.

4. Xtt/ = E(XtTXt/), where XtT = (17X1t7 Ce 7Xpt>~

5o M=x"HT? Zthl Ztszl o1 Xy )X

6. Pj = LjlegX;t, where X}t is the L; x (p+ 1) predictor matrix containing the

observations in bin j only from time point s;.
7. Also, define the scalar Py = T2, S, X,’njktf(;jkt,.

Denote convergence in distribution and probability by L and &. The (4, 7)th element of

a matrix A is denoted [A];;.

Theorem 1. Under conditions (1-8) given in the Appendiz, as n — oo,

Vi3, =) 2 N©O,02), 0<r<p,
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where 0§ = 5ol +A[M]i1, 07 = (EX;) {07 A =27 X, 77720, ) G H(EX )P A My o1},
and EX, =T, EX,.

We remark here that the asymptotic normality of the ordinary CAR estimators in
the i.i.d. case (Theorem 1 of Sentiirk and Miiller (2006)) can be obtained as a direct
corollary to Theorem 1 above with T" = 1. Also, note that the asymptotic variance,
namely o2, depends on the covariance between repeated measurements o;. Thus, large
sample inference, such as confidence interval construction, will require estimation of this
covariance (or correlation) between repeated measurements. Theorem 2 below provides

consistent estimators for o2, which includes an estimator for the covariance term .
Theorem 2. Under the conditions (1-8) given in the Appendiz, as n — oo,

67?&02 0<r<np,

T

where oy = nt Zj Zk(ffjlkt - 503‘ - 25:1 ﬁTij/ﬂjktxY/j/kt’ - 50]‘ - Zle 5rjX7/~jkt')7
o5 = (2311 Lin 33 — ’3’3) + 200 Ly {f)le_Q Do ‘ATtt/Pjtle} 7

11

22 _ v—2),-1Nvm 52 i p 2 =1\ A Li 5 22, —1 \m Ly 5
Op = Ay {TL Zj:l rj Zk:l Prjk - 271”77‘ Zj:l ﬁrj Zk:l PTjk + T Zj:l Zk:l Prjk:
m v | p-1p—2 ~ B p-1
#E L RS PPT O SooPaP|
r+1,r+1

The variance estimators are motivated by the identifiability conditions described in
the Introduction section, the form of (,(:), Lemma 1 and 2(a.) in the appendix. The
terms in {62}f_, are sample versions of the corresponding population quantities given in

the asymptotic variance of Theorem 1.

4 Proofs

We provide the proofs of Theorems 1 and 2. The following notations are used in the proofs

and are given here for reference: (1) Jisa (p+ 1) x (p+ 1) matrix of ones. (2) 1 denotes

a (p+ 1) x 1 vector of ones. (3) Ag»l) = {(UF), V(U)o (Uf), ..., 0(U ) (UfF) T (4)

AP = {p(U), (U or(UF), ..., 0(US)/6p(U)}T. (5) Rjpss denotes the (r, T(k—1)+

t)th element of the matrix P;'X’" and similarly Rj.): denotes the (r,T(k — 1) + ¢)th
)



element of the matrix P (l)XE) These quantities are further elaborated on in the proof
of Theorem 1. In addition, we define the Hadamard product for two matrices of the same
dimension, denoted by A B, with the (7, j)th element equal to the product of the (7, j)th

elements of A and B.
Proof of Theorem 1. Since f(j’.kt is bounded, sup; <, |P;| = O(1)J and SUD1 <<, |15]_1| =
O(1)J. By Lemma 2 (b.), it holds that sup; |{(T'L;) " XY}~ [AVE{(TL) ' XTY'}]| =

O,(m~")1. This result combined with Lemma 1 implies

B; — A§2) 4, = 0,(m™)1. (7)

sup
J

where 4, is given in (6). Hence we have

m

V(%o = 1) Z W(U;") {70 + [(TLij)lx}Te}]l} —vny + Op<%>v (8)

j
where €} = (€, ... s €Ty s €Ly s ejL].T)T. By the boundedness properties, Lemma
2 (a.) and (b.), (8) can be further simplified to

L;

\/ﬁ(% — %) = Z

=1 k=1

T
1 NG
Tn Z {70@/)( k) T V(U en ]1kt:| — Vo + O,,(W) (9)
t=1
where Rj,;; denotes the (r,T'(k — 1) + t)th element of the matrix Pj_lX;T.
In (9) the sum is over all bins and over all points within the bins. Therefore, it is equal

be

to the sum over all data points, summed up in a random order. Thus, let X' and Lija

the matrix X’ and the number of points in the jth bin such that {U;e Bj;i=1,...,n},
respectively. Further, let P;;) = (TLj(Z-))*lX;%)Xj(Z-) and Rj,@) be the (r,T(k—1)+t)th
element of the matrix PE)X%), where U; = Uj; is the kth element in the ordered sample
(U1, -, Uj,) € B;. Using these notations and due to the equivalence in the summation
over all subjects, we may express (9) as
V(i =) = Z T\/_ Z [70@/) + ¥(Ui)ewRjingin — 70} +0, (%)
ik
Hence /n(%0 —70) = Yoiy Zoi+O0,(y/n/m), i.e. v/n(5 —70) is asymptotically equivalent
to Son = Y1y Zoi- The asymptotic normality of \/n(9 — 7o) follows by noting that
6



{Sor = Zle Zois Foe, 1 < € < n} is a mean zero martingale, where Fy, is the the o-field
generated by {es, U, Lj), X))}, and Sop 2 N(0, 02) under the conditions of Lemma 3.

We establish the asymptotic normality of v/n(9.—,), r > 1 next. Write 4, as 4, = ) /0,
where § = > Ly n‘lﬁmX’ and 0 = > Ljn_l)?;j. We show that the pair (5, ) is
asymptotically bivariate normal using the Cramer-Wold device so that the asymptotic

normality of \/n(%. —7,) will follow by the Delta method. For

~ _ T
VitVin, Vo) T = Vit (0= EX,, 0- BX,) 2 No({0,0}7,5,).

to hold, it is sufficient to show that v/n(aVi,+bVa,), for real coefficients a and b, is asymp-
totically normal. Using similar calculations as for (9), it can be shown that \/n(aVi,+bVa,)

is asymptotically equivalent to a sum of martingale differences:

n T
\/ﬁ(a‘/ln + b‘/Qn) - Z T = Z[a7rw(Uz>szt + aXLj(i)w(Ui)eitRjrk(i)t - CVYTEXT

Vi) _ < NG
+ b¢r(Uz)th — bEXr] + Op (W) = ; Zri + Op <ﬁ) 7

where X;«j(z) (TL;)™! 25]:1 ZtT:1 X;j(i)kt. Thus v/n(aVi,+bVa,) is asymptotically equiv-
alent to Sy, = > Zyi. It can be verified that {S,, = Zle Zriy Frey 1 < € < n}is amean
zero martingale for n > 1, as in the case for Sy above. It follows from Lemma 4 that

Sy 2 N(0, (a,b)S,(a, b)T).

Proof of Theorem 2. Consider 62 = Q1 — 42 + Q, and 62 = (Q3 — 2Q4 + Q5 + Q@’)/):(r,
where each of the terms Ql, e ,QG are defined and analyzed below. It holds by using
Lemma 2 (a.) and (b.) that sup;|¥; — | = 0,(1)1, where v = (70,71,-..,7)". This

together with the uniforn consistency of Bj given in (7) implies

sup A] - = 0,(1)1. (10)

J

For the consistency of 62, we have that

m

= Z ]ﬁo] = Z U/* % Z¢2 ) +0,(1) = 5y + 0p(1),



and Q, = o Lin [ P'T2Y, 3, att/PJtP Y & Ay[M]i1. The convergence of
Q; follows from (10), boundedness considerations and the law of large numbers. The
convergence of Qs follows from Lemma 1, Lemma 2 (a.) and (C5). Thus, 62 2 o2 follows

since 4y - . For the consistency of 62, r > 1, note that
=n! > e Afj Z,?il Prji = 72 + 0p(1),
Qs =4t > B Sk Brjie = gl + 0p(1),
Q5 1Z] 1Zk 1 mk = 12N +0p(1),

Qe=>", LJX/Q P LS S 6wP P! S A{EX, P A [M]rs1 041,
r+1,7+1

and 6y = n=t Y, VAU enei +0p(1) = Aypow +0p(1), where ¢, = T2, 5, E(Xpu Xow).
The results follow since 4, = =, and ):(3 L (EX,)2.

Appendix: Auxiliary results

Technical conditions. The following assumptions are made. (C1) The covariate U is
bounded : —oco < a < U < b < oco. The density f(u) of U satisfies inf,<,<p f(u) >
0, sup,<,<p f(u) < oo, and is uniformly Lipschitz. (C2) The variables (e;, U, X,;) are
mutually independent for r = 1,...,p, t = 1,...,T. (C3) For the predictors, sup;,,
| X,it| < B for some bound B € R. (C4) The functions ¢(-) and ¢,(-), 1 < r < p, are twice
continuously differentiable, satisfying E{¢(U)} =1, E{¢.(U)} =1, ¢.(-) >0, 1 <r < p.
(C5) Let X/, = (1, XLy, ..., X!

pit)T contain p components of the ¢th subject observed at

time s;, and X = (XY, ..., X7, ..., X

nly ">

X! )t of size Tn x (p+1). As n — oo,
(Tn)"'X™X % X, where the limiting matrix X is nonsingular; i.e. p = |det(X)| > 0.
(C6) The function h(u) = [ xg(x,u)dr is uniformly Lipschitz, where g(-,-) is the joint
density function of X,, and U for r = 1,...,pand t = 1,...,T. (C7) The function
h(u) = [xg(x,u)dz is uniformly Lipschitz, where g(-,-) is the joint density function of
Xuepand U forr =1,...,pand t = 1,...,T. (C8) The error term satisfies Ele}| < oo
for A\ >4andt=1,...,T.



Lemma 1. Under C1-C6, it holds that sup; |f’j_1—[¢'jDPj_1]| = O0(m™Y)J, where the (k,1)
element of ®; is [®;] = {r—1(U )11 (U7)}, for 1 < k1 <p+1 and ¢o(Uj*) = 1.

Proof. The proof follows closely to Lemma 3 of Sentiirk and Miiller (2006) and is omitted.

Lemma 2. Under conditions (1-8), for a sequence r, such that r, = O,{(mlogn)/n},

we have: (a.) sup; |P7' — X7 = O,(\/rn)J and (b.) sup; |(TL;) X7} | = Op(y/rn)1.

Proof. Note that we can express the matrix P; in terms of the sample moments within
. 0 _ 1L T _ _1=Lj T

bins X, = (TL;) ™" 342y 30 X and (X7,X0) 0 = (TLy) ™ 30 0 (XX i)'

for 1 < r, 7" < p. Then the proof proceeds as in Lemma 4 of Sentiirk and Miiller (2006).

Lemma 3. Under conditions (1-8), the martingale differences Zy, satisfy the conditions:

(a.) S0 B{Z31(|Zos| > €)} — 0 for alle > 0 and (b.) A2 ="}, Z3, 2 02 for o2 > 0.

Proof. Let wo; = 1/v/n and vo = T Y, Qine + Qaneert, where gy = Y00 (Uy) — 70 and
Qontt = V(Up) Rjtpeye- Define Zo, = worvor. Note that E(vg,) = 0 and that sup |oqnu| < ¢
and sup |aan| < o for some ¢q, co > 0, where the sup is taken over 1 <t <n,1 <t <T.
Similar calculations as in the proof of Lemma 1 in Sentiirk and Miiller (2006) gives: (A)
S B{ZI(Zl > O} < 0t S {B i)} HPR, > ne)}, for ¢ > 0, and (B)
P(v3, > ne?) < P(T723,3, A+ cheyew + 2c1calew| > ne?). Lemma 3 (a.) follows since
E(v3,) is bounded uniformly in n and ¢ because ey has finite fourth moment by condition
C8 and since P(T2>2, 3", 2 + chepew + 2¢102)ew| > ne®) — 0 uniformly in n and ¢.
Next, consider A in Lemma 3(b.). It is A = T+ - -+Ty, where T} = v5{n"' >, ¢*(Us) }+
% = 28{n 7w}, T = 20T ol P (UnenRuor, Ts = —270T "
Zthl n Y, 0(UdeaRiwey, Ta = T2, > n ' Y, 02 (Us)enen Ritngen X Rjtkeeyw . From
the law of large numbers, T} - Y507, Both the second and third terms are O,(n~%/?) since
E(T,|U, X, L;) = 0 and var(T3|U, X, L;) = O(n™1). For Ty, it can be shown using Lemma
2 (a.) that Ty = Ay[M]11 + 0,(1). Thus, A2 B 1302 + Ay [M]y1.
Lemma 4. Under conditions (1-8), the martingale differences Z,; satisfy the following
conditions: (a.) S p_ E{Z%I(|Zy| > €)} — 0 for all e > 0 and (b.) A2 =) 7%,
(a,0)%,(a,b)T for (a,b)E.(a,b)T > 0.



Proof. Lemma 4(a.) follows similarly to Lemma 3(a.). The term A? simplifies to
A2 =Ty + -+ Tr + 0,(1), where Ty = —(a?y2 + 2aby, + b*)(EX,)?, Ty = [a®>v2 Ay +
2ab7, My, 0* X, |Gy Ty = 202, 1252, 5 n7 Yy, Q/)Q(Ug>€th7{j(€)X;£t,Rjrk(g)t, Ty = —2a%y, EX,T~!
Do 2 W(Un)eaX i Rirkoyes Ts = 2abT 72 37, 37, n ™" 32,9 (Ue) b (Ue) eaX 00 X v Ryt
Ts = —2abEX, T30, 07 32, 0(Un)en X Rjrkioye, and Tr = a®T72 35, 57, " 32, 42(Uy)
egt€gt/XZ-(Z)Rjrk(g)t X Rk + 0p(1). It can be shown, similar to the proof of Lemma 3,
that T3, ..., Ts are O,(n~?). The remaining term can be shown using Lemma 2(a.) to
be Tr = a®X\y(EX,)2[M],11,41 + 0,(1). Thus, we have A2 2 (a,0)%,(a,b)", where
elements of the matrix X, are: [X,]11 = 2\ — YV2(EX,)? + M(EX )2 M]rg1041,
S )1z = Y harGr — 1 (BX,)? and (Sl = Ao, G — (EX, )2

The case of data missing at random. As we remarked at the end of Section 2, the
asymptotic results also hold for data missing completely at random. The notation becomes
more complicated with unequal number of repetitions for subjects, and the main changes
to the estimators are as follow. The bin-specific regression coefficients in (4) become
B, = (XWX XTW, Y, where X/ becomes a matrix of size ST T X (p+ 1),
Y, becomes a vector of size S Ty x 1 and W is a S300 Ty x S0 Ty, diagonal
weight matrix with elements {1/(T'L;),...,1/(TLjz;,),...,1/(TLj), ..., 1/(TLjTij)}.
Here T}, denotes the number of measurements for the kth subject in bin j and L;; denotes
the number of subjects in bin j that are observed at time s;. The covariate-adjusted
estimators are then given as 4, = (Z;”Zl Brj,ﬂqu)/,af(r, for r = 0,...,p, where fig =
T Dier, Xt ﬂx;]. =T Y D ke, X;jkt and Xoi = X(/)jkt = L. Here ny
denotes the number of subjects observed at time s;. The summation index I; denotes the
set of subject indices who are observed at time s;. The index set I;; denotes the set of

subjects who are observed at time s; in bin j.

Acknowledgment

We are grateful to two anonymous referees for their reviews of the manuscript. Support for

this work includes the National Institute of Health grants UL1RR024922, RL1AG032119

10



and RL1AGO032115, National Institute of Child Health and Human Development grant
HDO036071 and grant UL1 RR024146 from the National Center for Research Resources.

References

Hastie, T., Tibshirani, R., 1993. Varying coefficient models. J. R. Statist. Soc. B. 55,
757-96.

Kaysen, G. A., Dubin, J. A., Miiller, H. G., Mitch, W. E., Rosales, L. M., Levin, N.
W. & the Hemo Study Group, 2002. Relationship among inflammation nutrition

and physiologic mechanisms establishing albumin levels in hemodialysis patients.

Kidney Int. 61, 2240-2249.

Nguyen, D.V. and Sentiirk, D., 2008. Covariate-adjusted regression for longitudinal
data incorporating correlation between repeated measurements. Australian and New

Zealand Journal of Statistics, in-press.
Sentiirk, D., Miiller, H. G., 2005. Covariate-adjusted regression. Biometrika 92, 75-89.

Sentiirk, D., Miiller, H. G., 2006. Inference for covariate-adjusted regression via varying

coefficient models. Ann. Statist. 34, 654-679.

11



