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Abstract

Consider the correlation between two random variables (X, Y), both not directly observed.
One only observes X = ¢ (U)X + ¢o(U) and Y = ¢, (U)Y + 1o(U), where all four functions
{(+), u(+), 1 = 1,2} are unknown/unspecified smooth functions of an observable covariate U.
We consider consistent estimation of the correlation between the unobserved variables X and
Y, adjusted for the above general dual additive and multiplicative effects of U, based on the

observed data (X,Y,U).
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1 Introduction

Let X and Y be random variables that are not directly observed, but are only observed after
the influence of an observable third covariate U. The exact effects of U on X and Y are
unknown. More precisely, the observable versions of (X,Y) are denoted (X,Y) and they are
given by

X =¢1(U)X +62(U) and Y = (V)Y + (U), (1)

where {¢;(+),¥(-),l = 1,2} are unknown smooth functions of U. The meaning/interpretation
of (1) is that there are distinct general dual additive and multiplicative effects of U on X and
Y. These effects are general since the four functions can all be different and are left unspecified.
The interest is to estimate the correlation between the unobserved variables X and Y, denoted
pxv, adjusted for the general effects of U in (1), based on n copies of the observable variables
()Z' Y. U ). The correlation pxy under the dual additive and multiplicative adjustment (1)
was introduced by Sentiirk et al. (2008) and is called covariate adjusted correlation. Sentiirk
et al. (2008) showed that these general effects of U can be adjusted for, in estimating pxy,
by localization via stratification/binning of the data ()? , 17) with respect to the support of
U. In this paper, we consider a different localization strategy using local linear/polynomial
regression. The data application which motivates model (1) involves the observed variables X
as the observed mRNA levels of the fragile X mental retardation 1 (FMR1) X-linked gene and
Y as the length of the CGG trinucleotide repeat expansion in the promotor region of the gene.
For female premutation carriers (55 to 200 CGG repeats), the underlying association between
CGG size and mRNA level of interest needs to be adjusted for the protective effects from one
normal X chromosome. A measure that quantifies this protective effect is the activation ratio
(U), which is the proportion of normal X chromosomes (Sentiirk et al., 2008; Tassone et al.,

2000). Furthermore, a previously proposed parametric adjustment decomposes the observed



mRNA levels into two parts, one for the carrier chromosome and one for the normal allele:
X = (1 = U)X + aU, where U is activation ratio and a is the fixed mean level of mRNA
expression in normal individuals (= 1.42; Tassone et al., 2000). Note that this adjustment
form is a special case of the general form (1).

The estimation of pxy of interest is facilitated by the simple, but key, observation that
the (local) conditional correlation Corr(X,Y|U = u) is equal to pxy (constant) under (1)
when U is independent of (X,Y’) and when ¢,(-) and ¥4 (-) are of the same sign. The later
condition is satisfied when both ¢;(-) and ;(-) are positive, for instance. In such a case, the
implication is that the observed measurements are positively correlated with what we want to
measure, i.e. the correlation between X and X and between Y and Y are positive. Thus, since
Corr(X,Y|U = u) = pxy is constant under (1), we target the conditional moment /expection
terms involved in COTT()? , }7|U = u) directly. We note that the converse does not hold, i.e.
positively correlated observed and unobserved variables does not imply that ¢(-) and ¥ (-)
are positive. In any applications, this assumption needs to be considered (justified) with the
relevant subject-specific/scientific knowledge.  In the aforementioned data application, for
instance, both observed ()? ,17), mRNA levels and CGG length, and their activation ratio
adjusted versions (X,Y’) can only be positive implying positive functions ¢;(-) and ¥ (-).

This paper is organized as follows. The proposed covariate adjusted estimator of pxy is
described next in Section 2, where we also provide a short proof of consistency. We illustrate
the computation involved with a numerical example in a simulation study in Section 3. In
Section 3 we also compare the proposed method with the aforementioned binning approach of
Sentiirk et al. (2008) in a simulation study and illustrate the method with the FMR1 female
premutation carrier data. We conclude in Section 4 with a brief discussion of the methods and

assumptions.



2 Local linear covariate-adjusted correlation estimator

Let the n copies of ()? Y. U ) be denoted {()z, Y, U;)}t,, for n individuals. The corresponding
unobserved variables (X,Y") are defined to be the parts of X and Y that are independent of
U. Of interest is the correlation coefficient between X and Y, pxy, after adjusting for the
general effects of U in (1) based on the observable variables {X;,Y;, U;}t,. Further, let p(u)

be the correlation between X and Y given U = u, defined by
plu) = C’orr()N(,EN/|U =u) = C’ov()N(,)N/|U = u)/{Var()NﬂU = u)Var(lN/|U = u)}Y2

Note that conditioning on U = u and based on the invariance of pxy to linear transformation,

it follows directly from the adjustments (1) that

P(U) = PXY,

which holds when ¢;(u) and ¥ (u) are of the same sign. Thus, within a neighborhood of u, the
correlation between the observed variables X and }N/, denoted pgy, will target pxy of interest.
The proposed estimator of pxy, based on this relationship, is an average of local regression
estimates of the moments in p(u).

Thus, we define the following estimator of the correlation between X and Y within a

neighborhood of wu,

[z (u) — 1% Hiige (u) — BE 32

where the individual terms in (2) are nonparametric regression estimates of pi g (u) = E (XY|U =
w), pg(u) = B(X|U = u), pp(u) = EY|U = u), pg.(u) = BE(X2U = u) and pg2(u) =
E(Y2|U = u), respectively. More precisely, the individual moments estimates in (2) can be

obtained by fitting the local regression of Y*on U ,

Y = p(wi) + €,



where p(u;) is a smooth function and € is a mean zero error term. For the current application,
}71-* is taken to be )?Zi, )~(i, )7,-, )?f or 371-2 corresponding to the conditional expectation being
estimated in (2). We fit the above local regressions by minimizing a locally weighted least
squares criterion: Y | K, (U; — w)[Y:* — g — a1 (U; — u)]?, where K denotes a specified kernel
function with bandwidth h, K,( - ) = K( -/h)/h and {«ag, a1} are fixed coefficients. The
bandwidth A is chosen by minimizing the generalized cross-validation (Wahba, 1977; Craven
and Wahba, 1979) criterion: GCV(h) = n~ ' S37 [V* — fi(w;)]2/[1 — n~'tr(H)], where H is
the hat matrix. Extension of the least squares criterion for higher order local polynomial is
straight forward.

Let ry, be the local correlation estimator (2) evaluated at u = U;. Since ry, targets pxy
forall i =1,...,n, we average these local estimates to obtain the following proposed covariate

adjusted correlation estimator of pxy,
'y ®
r=— ry,.
i "
The covariate adjusted estimator, r, is a consistent estimator for pxy.
Theorem 1. Under the technical conditions given below,
r = pxy +op(1).

Before proving the above result, we state the technical conditions and a lemma, due to

Mack and Silverman (1982), that will be used. The following technical conditions are made:

(C1) The variable U is independent of X and Y, and the marginal density f(U) of U has

compact support, say C'(u), and satisfies infuec) f(u) > 0, sup,ecy) f(u) < oo.
(C2) The kernel K(t) is a symmetric density function with compact support.

(C3) The functions {¢;(-),¥i(:),l = 1,2} have continuous derivatives. Furthermore, ¢;(-) and

Y1 (+) are of the same sign.



(C4) The two observed variables of interest satisfy, F|X2¢| < oo and E|Y2| < oo for some
s > 2. In addition sup, [ |Z%|°f(Z,u)dZ < oo and sup, [ |§*]°f(§,u)dj < oo, where

f(&,u) and f(§,u) denote the joint densities of (X, U) and (Y, U), respectively.

1

(C5) h — 0, nh/logh — oo, and n***h — oo as n — oo, for some € < 1 — s7!, where s is as

given in Condition (C4).
The following Lemma will be used to prove Theorem 1.

Lemma 1. Let (X1,Y1),...,(X,,Y,) be independent and identically distributed random
vectors, where Y;’s are scalar random variables. Assume further that Ely®| < oo and
sup, [yl*f(z,y)dy < oo, where f denotes the joint density of (X,Y). Let K be a bounded

positive function with a bounded support, satisfying a Lipschitz condition. Then

!y KX = 2)Yi — B (X — 2)Yil} = Oy(an),

=1

sup
zeD

provided that n*~'h — oo for some e < 1 — s~!, where a,, = [nh/log(1/h)]~'/2.

Proof of Lemma 1 follows immediately from the result obtained by Mack and Silverman

(1982), as noted by Fan and Zhang (1999).

Proof of Theorem 1.

Note that in the local linear estimators of equation (2) fiy.(u) have the form (7,75 —



TuT,) /(TyTs — T2), where each term T, . .., Ty satisfy
T, = n‘liKh(Ui —u) = f(u)/K(t)dt—l—op(l),
T, = n! 2:: Kn(Us — w)(Us —u) = f(u) /tK(t)dt +o,(1),
T, = ot Zl Kn(Us — u)(U; — ) = f(u) /t?K(t)dt T oy(1),
T, = n-limvi—u)i* = -7 [ K0 + 0,(1),
T, = n-lf;fchwi—u)i*wi—u) = i 1) [ R0+ o),

uniformly in u by Lemma 1. Hence fiy.(u) targets pg.(v) uniformly in u, where }7;* can be

taken to be )?,37;, )~(Z~, }Z, )’512 or 172-2. Thus, the following holds uniformly in u for r,, given in
(2):

gy () = pg(u)pg (u)

" T ()02 (u) )2 +o,(1) = Corr(X,Y|U = u) +0,(1)

= pxy + Op(1)7
and Theorem 1 follows.

3 Simulation studies and data example

3.1 Simulation results

To illustrate the computation associated with the covariate-adjusted correlation, consider
(X,Y)T to be bivariate normal with mean p = (2,3)%, Var(X) = 3, Var(Y) = 4 and the
correlation of interest is pxy = 0.25. The observed data ()Af ,17) is obtained as follows. We
have X = ¢ (U)X 4 ¢o(U) with ¢, (U) = 5log(U + 1), ¢2(U) = 3U and U ~ Uniform[2, 5].
Similarly, Y = ¢(U)Y + ¢(U) with ¢(U) = exp(U)/U? and ¢(U) = —2U2%. The observed

correlation is pgy ~ —0.14. Figure 1 displays n = 200 pairs of {)N(z,)Nﬁ}?zl as well as the



unobserved data {X;,Y;}",. The local correlation (2) is obtained as described in Section 2
above.

Figure 2 displays the covariate adjusted correlation estimates for 200 Monte Carlo data
sets for sample sizes n = 50, 75, 100 and 200. The mean (standard deviation) over the
simulation corresponding to sample sizes 50 to 200 are: 0.276 (0.271), 0.260 (0.147), 0.255
(0.133) and 0.256 (0.078), respectively. The estimates target the true correlation of p = 0.25
with decreasing standard deviation as n increases, as expected.

Next, we compare the proposed local linear estimator of the covariate adjusted correlation
to another approach based on binning the data (Sentiirket al. 2008). Briefly, the binning
method is as follows. The observed data is binned with respect to U. That is, the range of U
is divided into m equidistant intervals, referred to as bins and denoted by By, ..., B,,. Let L,
denote the number of subjects falling into bin 7, 1 < 57 < m. All the data points falling into
bin j are denoted (Uj{k,)?j‘k,?j’k), for subjects 1 < k < L;. Observations within any bin are
marked by a prime. The Pearson correlation is then calculated using data in each bin. The
estimate of the covariated adjusted correlation is then obtained by averaging the correlation
coefficients from the m bins. More formally, the correlation between X and Y within bin 7] is,

Mgy ; — Mz My
\/M)?Q,j - M)Q?,j\/Mf/Q,j o M}%,j

I S I o ¥ 77 R Ay I S I ¥ ¥ B SO SR I ¥ 2 R -
Where MXY,]' = Ly Zk:l Gk ko MX,] — L] Zk:l ko MY,J' - LJ Zk;:l }/;k7 MX

Tj,bin =

Y

25 —
7]
L;7! Zé”zl )?]’i and My, ; = L;7! 2?:1 17]’,3 . The estimate of the covariate adjusted correlation
is given by the following weighted average

m

L.
Thin = Z #Tﬂ'»bin-

7=1

The bin-specific correlation estimates are weighted ({L;/n}) relative to the number of obser-

vations in each bin.



Figure 3 (top) displays the relative bias of r (local linear) and 7, where the true correlation
(as before) is 0.25. Although the observed maximum absolute biases of both methods are small
(less than ~ 0.024), the bias for the local linear estimate is relatively smaller (e.g. at n = 75
and 100). The bias decline with increasing n, as expected, and becomes similar for n = 200 in
the current simulation. The bottom plot of Figure 3 displays the mean square error (MSE) of
the two estimators. The variances of the two estimators (not displayed) closely track the given
MSE. Thus, the covariate adjusted estimator based on data binning appears be have smaller
MSE (and variance).

We note here, as previously pointed out in Sentiirk et al. (2008), that the binning approach
requires the specification of the number of bins m. Aside from the basic guideline that there
should be sufficient data within each bin to compute the correlation coefficient, there is no
automatic way to select this parameter and Sentiirk et al. (2008) recommended that in appli-
cations a sensitivity analysis be used for examining the variability in the estimates for different
choices of m. Although for the simulation studies we selected m based MSE, this approach
is not feasible in practice (since the MSE would not be known). Thus, one advantage of the
proposed local linear estimator is that the bandwidth parameter choice is chosen by generalized

cross-validation.

3.2 Data example

To illustrate the proposed method, we consider data consisting of molecular measurements,
C/C\}f}, rrTl_%\N/A and U = activation ratio, for n = 165 female premutation carriers (Sentiirk et
al., 2008). The aim is to estimate the correlation pxy = pmrna.cca, the activation ratio-
adjusted correlation between the mRNA level and CGG repeat size. The observed variables,
6@6, mRNA and activation ratio, range between (57, 138) repeats, (0.78,6.3) and (0.19,0.91),

respectively. As previously reported in Sentiirk et al. (2008), the correlation estimate based

on data binning is 7, = 0.37 and this estimate is quite similar for the number of bins ranging



in m = 17 and m = 25 (corresponding to ~ 7 — 10 observations per bin). Estimation of
PxXy = PmRNA,ccG based on the local linear approach provide a similar estimate of » = 0.39.
As discussed in Tassone et al. (2000), without adjusting for the protective effects of the
normal chromosome in female premutation carriers (i.e. ignoring activation ratio), the strength
of association between CGG size and mRNA level is weaker (unadjusted correlation ~ 0.29),
roughly half that seen in male premutation carriers (where activation level is not an issue).
The activation ratio-adjusted correlation estimate is higher and more similar to the level of

association seen in male premutation carriers.

4 Conclusion

In this work, we considered a local linear (polynomial) estimator of the covariate adjusted
correlation between two unobserved variables X and Y, adjusted for the general (unknown)
effects of a third observable covariate. We showed that the proposed estimator is consistent.
In calculating the estimator, the bandwidth can be chosen by minimizing the generalized
cross-validation criterion. The implementation is easy and can be based on available routine
for nonparametric regression. A simple choice is local regression and we implemented the
proposed method using the publicly available R package locfit (http://www.locfit.info/). The
current estimation method has the advantage that the bandwidth choice can be chosen more
systematically using GCV and the proposed method can augment the estimation approach

based on binning the data previously proposed.
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Figure 1: Data pairs (left) (X;,Y;) and (right) ()?,,}7;), i=1,...,n=200.
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Figure 2: Covariate-adjusted correlation estimates over 200 Monte Carlo data sets of size
n = 50, 75, 100 and 200.
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Figure 3: Bias and mean square error for the proposed local linear approach to estimate the
covariate-adjusted correlation compared to the binning approach. Plotted values are averaged
over 200 Monte Carlo data sets of size n = 50, 75, 100 and 200.
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